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WEAK CONTAINMENT RIGIDITY FOR DISTAL ACTIONS 


ADRIAN lOANA AND ROBIN TUCKER-DROB 


Abstract. We prove that if a measure distal action a of a countable group E is weakly contained 
in a strongly ergodic probability measure preserving action /3 of E, then a? is a factor of p. In 
particular, this applies when q is a compact action. 

As a consequence, we show that the weak equivalence class of any strongly ergodic action 
completely remembers the weak isomorphism class of the maximal distal factor arising in the 
Furstenberg-Zimmer Structure Theorem. 


1. Introduction 

The notion of weak containment for group actions was introduced by A. Kechris [KelO] as an 
analogue of the notion of weak containment for unitary representations. Let T r\°‘ (X, /t) and 
r 0^1^) be two probability measure preserving (p.m.p.) actions of a countable group T. 
Then a is said to be weakly contained in fd (in symbols, a < jd) \i for any finite set S' C T, finite 
measurable partition of X, and e > 0, we can find a measurable partition of Y 

such that for all 7 G S and i,j € {1, ...,n} we have 

IpijAi n Aj) - I'i'jBi n Bj)\ < £. 

li a < fd and jd ^ a, we say that a is weakly equivalent to fd. 

We say that a is a factor of /3, or that fd is an extension of a, if there exists a measurable, measure 
preserving map 9 : Y ^ X such that 0('yy) = ^9{y), for all 7 G T and almost every y gY. The 
map 0 is called a factor map or an extension. If in addition there is a conull set Yq C Y such 
that 9 is one-to-one on Yq, then 9 is called an isomorphism and we say that a is isomorphic to 
Id. The actions a and /3 are said to be weakly isomorphic if each is a factor of the other. 

As the terminology suggests, if a is a factor of (d, then a is weakly contained in jd. The main goal 
of this note is to establish a rigidity result which provides a general instance when the converse 
holds. 

Theorem 1.1. Let T he a countable group, T {X,p) he a measure distal p.m.p. action, and 
T {Y,i') be a strongly ergodic p.m.p. action. 

If a is weakly contained in ft, then a is a factor of ft. In particular, if a compact action a is 
weakly contained in a strongly ergodic action ft, then a is a factor of ft. 

Before recalling the notions involved in Theorem 11.11 let us put it into context and outline its 
proof. 

Weak containment and weak equivalence have received much attention since their introduction. 
In [KelOj . A. Kechris shows that cost varies monotonically with weak containment and in [Kel2j 
Kechris uses this monotonicity to obtain a new proof that free groups have fixed price. Several 
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other measurable combinatorial parameters of actions are known to respect weak containment 
and hence are invariants of weak equivalence; see |AE11[[CK13[[CKTD12] . 

In |AW13j . M. Abert and B. Weiss exhibit a remarkable anti-rigidity phenomenon for weak 
containment by showing that every free p.m.p. action of T weakly contains the Bernoulli action 
over an atomless base space. The Abert-Weiss Theorem was extended in |TD15] and used to show 
that every weak equivalence class contains “unclassifiably many” isomorphism classes of actions, 
thus ruling out the possibility of weak equivalence super rigidity. These anti-rigidity results stand 
in marked contrast to the rigidity exhibited in Theorem 11.11 and Corollary II.31 below, and suggest 
that Theorem o and Corollary 11.31 are likely optimal. 

The first and, thus far, only rigidity results for weak containment were obtained by M. Abert 
and G. Elek. They prove that if a hnite action a (i.e. an action on a finite probability space) 
is weakly contained in a strongly ergodic action (3, then a is a factor of j3 [AElOl Theorem 1]. 
From this, they deduce that if two strongly ergodic profinite actions are weakly equivalent, then 
they are isomorphic [AElOi Theorem 2]. Recall that a p.m.p. action is called profinite if it is an 
inverse limit of finite actions. Since any profinite action is compact, Theorem 11.11 and Corollary 
11.31 below recover the results of [AElOj . 

Our results are new for compact non-profinite actions, and in particular for translation actions 
r r\ [K^mx) on connected compact groups K. Note that the approach of [AEIO] relies on the 
fact that in the case of profinite actions T r\ (A, ^), there are “many” T-invariant measurable 
partitions of X. As such, it does not apply to translation actions on connected compact groups, 
since these actions admit no non-trivial invariant measurable partitions. 

Instead, the proof of Theorem 11.11 relies on a new, elementary approach which we briefly outline in 
the case a is a compact action. Let d be a metric on X such that (A, d) is a compact metric space 
on which T acts isometrically (see the definition of compact actions given below). Next, assuming 
that a /3, we find a sequence On -Y —>■ A of almost T-equivariant measurable maps. Since (3 is 
strongly ergodic, the maps y e-)- d{9m{y),0n{y)) must be asymptotically constant, as m,n —>■ oo. 
When coupled with the compactness of the metric space (A, d), this forces a subsequence of {On} 
to converge almost everywhere. The limit map 9 : Y —)• A is T-equivariant, and hence realizes a 
as a factor of /3. 

Recall that a p.m.p. action T r\ {Y, v) is called strongly ergodic if any sequence An C A of 
measurable sets satisfying v{'^AnXAn) 0, for all 7 G T, is trivial, i.e. i/(A„)(l — z^(A„)) —)■ 0. 

An extension (A,//) —)■ (Ao,/io) of ergodic p.m.p. actions T r\ {X,y) and T r\ (Ao,/io) is called 
compact (or isometric) if it is isomorphic to a homogeneous skew-product extension, i.e., if there 
exist a compact group K, a closed subgroup L < K, and a measurable cocycle re : T x Aq —>■ K, 
such that T {X,y) is isomorphic to T rA (Ao,/ro) < 8 ) {K/L,mx/L)i where mx/i is the unique 
A-invariant Borel probability measure on K/L, the action is given by 7 (x, kL) = ( 7 X, rc( 7 , x)kL) 
{x G Aq, kL G K/L), and where the map {X,y) —> (Ao,/Uo) corresponds to the projection map 
{Yo,yo) (g) {K/L, mx/i) (-^ 0 , Mo)- 

The ergodic action T r\ (A, fi) is called compact if the extension (A, y) ({•}, d,), over a point, 
is a compact extension. Equivalently, this means that the action T rA (A, p) is isomorphic to an 
action of the form T r\ [K/L,mx/L)i where T acts by translation on K/L via a homomorphism 
V ^ K with dense image. In particular, in this case A can be endowed with a metric d such 
that (A, d) is a compact metric space on which T acts isometrically. 

Let (A, p) A- (Aq, Mo) be an extension of ergodic p.m.p. actions T rA" (A, p) and T rA"° (Aq, Mo)- 
An intermediate extension of uq within a is a pair of extensions, {X,p) {Xi,pi) (Xq,pq), 
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such that ^pooifi = ip. The largest intermediate compact extension of uq within a is the (essentially 
unique) intermediate extension {X,p) {Xq^pq) of cio within a satisfying 

(a) The extension {Xi^pi) {Xq,plq) is compact; 

(b) Given any other intermediate extension {X,p) {Xo,po) with (Yi,i/i) 

{Xo,pq) compact, there exists a factor map {Xi,pi) —)> {Yi,vi) such that Oopi = 1/^1 and 
ifooB = po- 

See, e.g., |G103l Ghapter 9] for a detailed treatment. 

The distal tower associated to an ergodic p.m.p. action T {X, p) is the directed family 
(r (X(^,of factors of a, satisfying: 

(1.1) The action oq is the trivial action on a point mass; 

(1.2) The action is the largest intermediate compact extension of within a; 

(1.3) For limit ordinals C, the action is the inverse limit of (q:^')c'<C- 

The least countable ordinal r] for which = arj is called the order of the tower. The action 
a is said to be (measure) distal if a = for some C < The Furstenberg-Zimmer Structure 
Theorem [Zi76b[lFu77j states that every ergodic p.m.p. action a of F has a unique maximal distal 
factor - namely a,,, where tj is the order of the distal tower associated to a - and that a is 
relatively weakly mixing over this factor. 

In the rest of the introduction we present several consequences of Theorem 11.11 and its proof. The 
first is an immediate corollary of Theorem 11.11 

Corollary 1.2. Let F rv" {X,p) and F iX,n) be p.m.p. actions of a countable group F. 
Assume that /3 is strongly ergodic. 

If a is weakly contained in [3, then the maximal distal factor of a is a factor of (3. 

The second consequence of Theorem 11.11 states that, for strongly ergodic actions, the weak iso¬ 
morphism class of the maximal distal factor is an invariant of weak equivalence. 

Corollary 1.3. Let F rA“ {X,p) and F (T, z^) be p.m.p. actions of a countable group F. 
Assume that (3 is strongly ergodic. 

If a is weakly equivalent to j3, then the maximal distal factors of a and (3 are weakly isomorphic. 
Moreover, if a and /3 are compact, and a is weakly equivalent to [3, then a is isomorphic to (3. 

Remark. The moreover part of Corollary 11.31 is a consequence of the first assertion. Indeed, if 
two compact actions are weakly isomorphic, then they are in fact isomorphic (see Lemma 1^. 
However, this fact does not extend to general distal actions; see [Le89] for an example of two 
distal actions of Z which are weakly isomorphic but not isomorphic. 

The main lemma used in the proof of Theorem 11.11 (Lemma 12 .4|) also implies the following 
rigidity property for cocycles of strongly ergodic actions with compact targets, generalizing the 
implication (1) => (2) of |Sc80l Proposition 2.3] as well as |Iol3l Lemma Jj. Recall that the space 
Z^{a,K), of all measurable cocycles of a p.m.p. action F r\°‘ {Y,iy) with values in a compact 
metrizable group K, is naturally a Polish space (see e.g., [KelOl section 24]). 

Theorem 1.4. Let F rA" iY,v) be a strongly ergodic p.m.p. action of a countable group F, and 
K be a compact metrizable group. 

Then the cohomology equivalence relation on Z^{a,K) is closed, i.e. is a closed subset of 
Z^{a,K) X Z^{a,K). In particular, every cohomology class in Z^{a,K) is closed. 
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Next, we relate Corollary 1 1.31 with recent spectral gap results for translation actions on connected 
compact groups. A p.m.p. action F r\ (X, fi) has spectral gap if the unitary representation 
r r\ LP‘{X) 0 Cl admits no almost invariant vectors. If an action has spectral gap, then it is 
strongly ergodic. Recent works of J. Bourgain and A. Gamburd [BGOBllBGllj . and Y. Benoist 
and N. de Saxce [BdS14| established spectral gap for a wide class of translation actions. More 
precisely, it was shown that if iF is a simple connected compact Lie group and F < FF is a 
countable dense subgroup generated by matrices with algebraic entries, then the translation 
action F r\ {K^rriK) has spectral gap (see [BdS14[ Theorem 1.2]). Moreover, in this case, the 
translation action F r\ {K/L^m^ii)j has spectral gap, for any closed subgroup L < K. 

This provides a large family of actions to which Corollary II.31 applies. In particular, it allows us to 
construct new concrete infinite families of weakly incomparable translation actions of free groups 
(cf. [AEIDI Theorem 3]). To this end, let a, h be integers such that 0 < |o| < 6 and | / ±^. Put 
c = b‘^ — a? and let F be the subgroup of iF = 503(M) generated by the following rotations: 



Denote by the associated translation action F (K,mK)- For 2 < n < +cx), denote 

by F„ the group generated by {B^AB~^\0 < k < n — 1}, and by the restriction of to 
F„. Since | 7 ^ ±h, [Sw94] shows that F is isomorphic to F 2 , and thus F„ is isomorphic to F„. 

Corollary 1.5. Let (a,b), (a',b') be two pairs of integers as above, and 2 < n < + 00 . 

then a(^a,b) a(^a',b') and ,h'y 

L. Bowen recently proved that if fd is any essentially free p.m.p. action of a free group F = F„, 
for some 2 < n < + 00 , then its orbit equivalence class is weakly dense in the space of all p.m.p. 
actions of F (see [B^ Theorem 1.1]). In other words, for any p.m.p. action a of F, there exists 
a sequence {/3fc} of actions of F which are orbit equivalent to ft and converge to a, in the weak 
topology. As a consequence, a is weakly contained in the infinite direct product action 

In view of this result, it is natural to wonder whether the sequence {fd^} can be taken constant, 
that is whether a is weakly contained in some action which is orbit equivalent to ft. By combining 
Theorem o with a result of I. Chifan, S. Popa and O. Sizemore [GPSllj . we are able to show 
that this is not the case. More generally, we have: 

Corollary 1.6. Let F r\°‘ {X,fj,) be an essentially free ergodic compact p.m.p. action of a 
countable non-amenable group F. Let A r\h (Y, u) = {Z, p)^ he a Bernoulli aetion of a eountable 
group A. 

Then there does not exist a p.m.p. action F iXx) such that 

• a is weakly contained in a, and 

• a{T){y) C ft{A){y), for almost every y £Y. 

Acknowledgement. We are very grateful to Eli Glasner and Benjy Weiss for pointing out an 
error in the first version of the paper, and to Alekos Kechris for helpful remarks. We would also 
like to thank the anonymous referee for several suggestions that helped improve the exposition. 
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2. Proofs 

In this section we prove the results stated in the introduction. We start with some terminology 
related to weak containment. All groups P and A considered below are assumed countable. 

Definition 2.1. Let {Y,u) be a probability space and let X be a measurable space. 

(i) A sequence On '■ Y ^ X, n G N, of measurable maps is said to converge weakly to the 
measurable map 9 : Y —X, if i'{6~^{A)A6~^{A)) —0 for all measurable subsets A C X. 

(ii) Let r rv" (Y, v) and L X be measurable actions of L with a probability measure 
preserving. A sequence On -Y —>■ X, n G N, of measurable maps is said be asymptotically 
equivariant for the actions if n{0~^{'y~^ A)A'y~^0~^{A)) —> 0 for all 7 G L and measurable 
subsets A C X. 

We now have the following useful characterization of weak containment. 

Lemma 2.2. [KelOj Let r rv" (X,/i) and L iY,iy) be p.m.p. actions. 

Then a ^ /3 if and only if there is a sequence On : {Y, u) (X, n G N, 0 / measure preserving 
maps which are asymptotically equivariant. 

Proof. See the proof of [KelOl Proposition 10.1]. ■ 

Lemma 2.3. Let {Y, v) he a probability space, let (X, d) he a Polish metric space with d <1, and 
let pL be a Borel probability measure on X. 

(1) Let (V’n)neN o.nd (v9n)neN Oe two sequences of measure preserving maps from (Y,i/) to 

Then Jy d{fjn{y),Tniy)) dn —>■ 0 if and only if i'{ip~^{A)Aip~^{A)) 0 for all 

measurable subsets A C X. 

(2) Let r rv" (Ai, /i) and P r\d (Y,n) be p.m.p. actions and let On : {Y,u) —> (X, 

n G'N, be a sequence of measure preserving maps. The sequence (0n)neN is asymptotically 
equivariant if and only if jy d{0n{'iy),'^0n{y)) dv —> 0 for each 7 G P. Moreover, if 
( 0 n)neN is asymptotically equivariant then we may find a subsequence {Onk)ken such that 
d{Onki'yy)j'ydnk{y)) —>■ o, for all j gT and almost every y £Y. 

Proof. (1): Assume first that i'{if~^{A)Aipf^^{A)) —>■ 0 for all measurable subsets A C X. Fix 
e > 0. Let {Aj}^^^ be a collection of pairwise disjoint Borel subsets of X such that each Aj has 
diameter at most s and z^(IJi=i ^i) > 1 — £• Put Aq = X \ |Ji=i If * 7 ^ j, then 

{y G Ylfjniy) G Ai,(pn{y) G Aj} C 

Hence i^dy G Y\ifniy) G Ai,ipn{y) G Aj}) —>■ 0. Thus, we conclude that 

k 

U'Ly ^ ^\My) G Ai,ipn{y) G Aj}) ^ 1 . 

i=0 

Since i/(V'“^(Ao)) = Ai(Ao) ^ e, we get liminf^ z/( G X|iAn(y) G Ai,ipn{y) G Aj}) > 

1 — e. On the other hand, if ifniy), Tniy) G Aj for some 1 < i < k, then d{'ijjniy), Tniy)) < £• 
This proves that liminf„z/({y G Y\d{fjniy),Tn{y)) < e}) > 1 — for every e > 0, and hence 
fy d{f^n{y), Tn{y)) du 0. 

Conversely, assume that Jy d{'ijjniy), Tn{y)) dn 0. Fix A C X measurable, and e > 0. Since 
(X, d) is Polish, the measure y is tight and regular, so we may find L Y A <Z U with L compact, 
U open, and y{Lf \ L) < e. Letting r = d{L,X \ [/) > 0, we have '4)~^{L) \ C {y G 
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Y\d{ipn{y), V’niy)) > I'}, and hence \ ip^^{U)) —>■ 0. Therefore, since i/'n and ifn are 

measure preserving, the containment 

V’n \ C bPn^iL) \ ip~^{U)] U \ L)] U [(p~^iU \ A)] 

implies that limsup^ \ if~^{A)) < fiiU \L) < e. Since e > 0 was arbitrary we conclude 

that i'{'ijj~^{A) \ ^p~^{A)) —>■ 0 , and hence i'{il:~^{A)/\Lp~^{A)) —)• 0 . 

The first part of (2) is immediate from (1), and the moreover statement is clear. ■ 

The proof of Theorem 11.11 relies on the following result. 

Lemma 2.4. Let V iYjiy) be a strongly ergodic p.m.p. action. Let {X,d) be a compact 
metric space, K the group of isometries of X, and w : T x Y ^ K a measurable cocycle. 
Assume that there exists a sequence On ■ Y X, n & N, of measurable maps such that 
fy d(0n(7y),w(j, y)0n{y)) du{y) 0 , for all 7 G T. 

Then there exists a measurable map 9 : Y ^ X such that 6{'yy) = w{'y, y)6{y), for all j & T and 
almost every y ^ Y, and there is a subsequence i9n^)k&n which converges to 9 both weakly and 
pointwise (almost everywhere). 

Proof. We may clearly assume d < 1. Given two measurable maps 9,9' : Y ^ X, we define 

diO, 9') = d{9{y), 0'{y)) du{y). 

Claim. Let On ■ Y —>• X be a sequence of measurable maps and assume that for each 7 G T we 
have Jy d{9n(ciy),w{'-^,y)6n{y)) dv{y) 0. Then for every e > 0, there exists n > 1 such that 
the set {m > n\d{9ni,9n) < e} is infinite. 

Assuming the claim, let us derive the conclusion. By using the claim we can inductively construct 
a subsequence {On^.} of {9n} such that for any fc > 1. This implies that 

« 00 00 

/ ^d{0n^,+^{y),0n^,{y)) dv{y) = ^d{9nt,+^,9n^) < 1. 

k^l 

Therefore, the sequence {On^iy)} C A is Cauchy and thus convergent, for almost every y € Y. 
It is clear that the map 9 : Y ^ X defined as 9{y) := lim^^oo dukih) satisfies the conclusion. 

Proof of the claim. Suppose that the claim is false. Thus, there exists Eq > 0 such that for all 
n > 1, the set {m > n\d{9m,9n) < £ 0 } is finite. Then we can inductively find a subsequence 
{Ouk} of {dn} such that d{9nf., 9n() > £oj for alH > A: > 1 . 

Since X is compact, it can be covered by finitely many, say p > 1, balls of radius Therefore, 
if xo, xi, ...,Xp are p + 1 points in X, then d{xi,Xj) < for some 0 < i < j < p. 

Next, for m,n > 1, define fm,n ■ Y [0,1] by letting fm,n{y) = d{9m{v),9n{y)). Then for all 
7 G r and y €Y we have that 


\fm,n{7y) - fm,n{y)\ = 14(0^(72/), 6'n(7y)) - d{w{-f, y)9m{y), wij, y)9n{y))\ 

< d{9„i{jy),w{j,y)9m{y)) + d{9n{jy),w{j,y)9n{y)). 

From this it follows that fy |/m,n( 7 P) — fm,n{y) \ di'{y) —>• 0, for all 7 G T, as m, n —)• oo. Since 
||/m,n||oo < 1, for all m,n, the strong ergodicity assumption implies that ||/m„n — fy fm,n\\i —^ 0 , 
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as m,n ^ oo. In other words, 



\d{0jn{y),0n{y)) - d{9m,0n)\du{y) 0, 


as m, n — 7 > oo. 


Recalling that d{9nf, 1 9ni) > £ 0 ; for alH > A: > 1, it follows that 

^{{y € Y\d{9n^{y),9ni{y)) > y}) ^ 1 , as k,l ^ oo with I > k. 

This further implies that 

i/({y € Y\d{9n,+M^dn^+j (y) > ^, for all 0 < i < j < p}) —> 1, as A: —>■ oo. 

In particular, if k is large enough, then we can find y ^Y such that d( 6 *rn,+i(?/), ( 2 /)) > 

for all 0 < z < j < p. This contradicts the choice of p, and finishes the proof of the claim. ■ 

The following consequence of Lemma 12.41 which might be of independent interest, will be used 
below to derive Theorem [Til 

Corollary 2.5. Let T rv {Y,iy) be a strongly ergodic p.m.p. action. Let K a compact metrizable 
group endowed with a left-right invariant compatible metric d. Let rciTxy K be a measurable 
cocycle, and L < K be a closed subgroup. Assume that there exists a sequence of measurable maps 
4>n.Y^K such that d{(fn{iy)~^w{'^,y)(fn{y),L) 0 , for aZZ 7 G T and almost every y ^Y. 

Then there exists a measurable map (f :Y ^ K such that (j){'yy)~^w{'y,y)(j){y) € L, for allj €T 
and almost every y gY . 


This result generalizes [ScSOl Proposition 2.3] which dealt with the case L = {e} and K = T. It 
also extends [mi Lemma J], where it was noticed that the proof of [ScSO] can be adapted to 
more generally treat the case when L = {e} and K is any compact metrizable group. 

Proof. Endow X = KjL with the metric d'{xL,yL) := d{x,yL) = m.i{d{x,yl)\l € L}. Then 
{X,d') is a compact metric space and the left multiplication action K X is isometric. Define 
9n ■ Y ^ X by letting 9n{y) = 4>n{y)K. Then for all 7 G T and almost every y G T we have 

lim d'{9n{'yy),w{-/,y)9n{y)) = lim d{f)n{'iy)~^w{-i,y)f)n{y),L) = 0 . 

n^oo n^oo 

By Lemma 12.41 we deduce the existence of a measurable map 9 : Y ^ X such that we have 
^( 72 /) = w{'^,y)9{y), for all y G T and almost every y ^Y. Let n : X ^ K he a Borel map such 
that tt{x)L = X, for every x G X (see e.g. |Ke95l Theorem 12.17]). Then cp := tt o 9 :Y K is a 
measurable map such that 9{y) = 4>{y)L, for almost every y ^Y, and the conclusion follows. ■ 

Proof of Theorem \1.4\ Let d be a left-right invariant compatible metric on K. Assume that 
(un)neN and (u„)neN are sequences in Z^{a,K) converging to u and v respectively, and with 
Un and Vn cohomologous for each n G N. We must show that u and v are cohomologous. Let 
w,Wn '.T '><Y K X K he the cocycles defined by 

y) = (u(7, y),v{l, v)) and Wn{l, y) = {un{l, 2/), Vn(7,2/))- 

For each n, since Un and Vn are cohomologous, there exists a measurable map 9n ■ Y K 
such that Uni'y,y) = 9ni'yy)vn{'y,y)9niy)~^ , for all 7 G T and almost every y & Y. Define 
(pn ■ Y K X K hy letting (pniv) = i9niy)AdK)- Let L = {{k,k)\k G K} be the diagonal 
subgroup of AT X iL. Since pnilvT^Wni'y,y)(pn{y) = ivni'l,y),Vni7,y)) € L and Wn converges to 
w, we deduce that d{(j)n{lv)~^w{l-,v)f>n{y)-,L) —>■ 0, for all 7 G T and almost every y &Y. By 
Lemma [2^ we deduce the existence of a map p :Y K x K such that (p{yy)~^w{y,y)(p{y) G L, 
for all 7 G r and almost every y €zY. This clearly implies that u and v are cohomologous. ■ 
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Lemma 2.6. Let T a strongly ergodic p.m.p. action and let V he a 

distal p.m.p. action. Assume that a fd, as witnessed by the asymptotically equivariant sequence 
On : (Yjiy) —)■ {X,p), n G N, of measure preserving maps. Then there exists a factor map 
9 : {Y,iy) —>■ {X,p) from fd to a, along with a subsequence (On^) which converges weakly to 9. 

Proof. Let (L be the distal tower associated to a, as in (ll.lh - (ll..Sp . and let 

rj < ui he the order of the tower. Since a is distal we have a = ar^. We prove the lemma by 
transfinite induction on rj. If r/ = 0 then the statement is obvious, so assume that r] > 0. 

Case 1: rj = rjQ + 1 is a successor ordinal. In this case the extension {X,p) {XnQ,Pno) is 
compact, so we may assume without loss of generality that {X,p) = ( 8 > [K/L^mx/i): 

and that the action a is of the form 'y{x,kL) = {'yx,w{'y,x)kL) for some measurable cocycle 
re : r X Xri() —>• K. For each n we may write 9n{y) = {9n{y), 9n{y)), where 9n-Y^ and 9n ■ 
Y ^ K/L are the compositions of 9n with the left and right projections, respectively. Applying 
the induction hypothesis to the action and the sequence ( 0 °), we obtain a subsequence 
and a factor map 9^ : (Y,iy) such that 0°, converges weakly to 9^. 

Define 9n : {Y,i^) {X,p) by 9n{y) = {9^(y), 9l{y)), so that the subsequence is asymp¬ 

totically equivariant. Fix a compatible Polish metric do < 1 on {Xrj^, prjo)-, let d^/L Y 1 he a 
compatible iF-invariant metric on KjL, and let d be the compatible Polish metric on X given 
d{{x,kL),{x',k'L)) = ^{do{x,x') + dK/L{kL,k'L)). By Lemma [2.31 for each 7 € F we have 

lim Jy d{0nii'yy),^9ni{y)) di'{y) = 0. Since 9^ is F-equivariant this means that for each 7 G F we 
2^00 ^ 

have 

lim [ dK/Li9i.i'yy),w{-f,9^{y))9l {y))diy{y) =0. 

1^00 Jy 

Applying Lemma [2~il we obtain a measurable map 9^ -.Y ^ K/L with = rc( 7 , 9^{y))9^{y), 

along with a subsequence {9h) of {9\.) with jy dK/L{dl,i{y)i9^{y)) dv —>■ 0. Therefore, the map 

9 : {Y,v) —)■ (X,/x) defined by 9{y) = {9^{y), 9^{y)) is a factor map from jd to a. Moreover, by 
Lemma Ea the subsequence (d„') converges weakly to 9. 

Case 2 : 7 is a limit ordinal. Fix a sequence (Cj)jeN of ordinals which strictly increase to 
r/. For each j < fc G N let ipj^k '■ (^Cfc’^Cfc) iX(j,PQ) denote the factor map from to 
, and let (pj : (X, p) —)> (X^^., p (^.) denote the factor map from a = to . Applying the 
induction hypothesis to the action and the asymptotically equivariant sequence epo o On ■ 
{Y,v) —>■ (X^p,|U^(j), we obtain a factor map 9^ : {Y,v) —>■ (X^p,/x^g) and a subsequence (n°)igis} 
such that tpQ o converges weakly to 9^. Having dehned the factor map 9^ : [Y, v) {Xq , p^) 

and subsequence (nl)jgN, we apply the induction hypothesis to action and the sequence 

((/jj+i o 0^o)i^^ to obtain a factor map 9d~^^ : (X, v) —)> and a subsequence 

of (n^)jgN with ipj+i o 9 j+i converging weakly to 9d~^^. Observe that (pj^k o 9^ = 9^ for all 
y < A: G N. Since o. = l^m ^. q.(^. , this implies that there is a unique factor map 9 = ^m ^. 9^ from jd 

to a such that ipjoO = Qd for all j G N. Morover, if we define the subsequence by Ui = nl, 

then for each j G N, the sequence {(pj o converges weakly to 9^, and hence the sequence 

(dni)ieN converges weakly to 9. ■ 

Proof of Theorem 11.11 This is immediate from Lemma 12.21 and Lemma 12.61 ■ 

Lemma 2.7. LetT rN“ {X,p) and F r\d (jY,v) be ergodic compact p.m.p. actions o/F. If a are 
/3 are weakly isomorphic, then they are isomorphic. 
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Proof. Let fjo : [X, fj.) —> (Y, v) and V’l : (X-, X (X, fi) be factor maps from a to /3 and from 
P to a respectively. It suffices to show that the map 9 = ipi o factoring a onto itself, is an 

isomorphism. Since a is an ergodic compact action, we may assume that {X,fi) = {K/L,mK/L)i 
where K is a compact metrizable group, L < K is a closed subgroup, and that L acts by 
translation on K/L via a homomorphism T ^ K with dense image (in what follows we will 
identify L with its image in K). In order to show that 9 is injective on a conull subset of iL/L, 
it is enough to show that the isometric linear embedding : L‘^{K/L) L‘^{K/L), f f, o 9, 

which 9 induces on Lp‘{K/L), is surjective. 

The translation action K r\ K/L gives rise to a unitary representation \kil^ of K on Pi = 
L‘^{K/L), which we may view as a subrepresentation of the left regular representation of K of 
LP‘{K) via the inclusion L?‘{K/L) ^ L^(iL) associated to the natural projection K —>■ KjL. 
The representation \kil ™ay be expressed as a direct sum XxjL = 07 reic ’ where K is a 
collection of representatives for isomorphism classes of irreducible unitary representations of K, 
and where for each vr G iL, the representation is the restriction of \k/l to the closed linear 

span PL^, of all subspaces of PL on which X^/l is isomorphic to tt. For each tt G iL we may further 
write PL^ as a direct sum of irreducible subspaces PL^ = PL^''^, where for each i < the 

representation := Xx/l\T~L'^’^ is isomorphic to vr. Since Xk/l is a subrepresentation of the 

left regular representation of K, by the Peter-Weyl Theorem, each Utt is hnite and therefore the 
subspaces PL^ are all hnite dimensional. 

Since T is dense in K, the operator T® intertwines X^/l with itself, so by Schur’s Lemma we see 
that intertwines each with itself, i.e., T^{PL^) C Pi^ for all it ^ K. Since is injective 

and each PL'^ is hnite dimensional it follows that T^{Pi^) = Pi^ for all tt G iL and hence T® is 
surjective on L‘^{K/L), as was to be shown. ■ 

Proof of Corollary II.M Assume that a is weakly contained in fi. Let a' be the maximal distal 
factor of a. As a' is a factor of a and a ^ /3, we have that a' P j3. Since a' is distal and j3 is 
strongly ergodic, by applying Theorem 1 1.1 1 we deduce that a' is a factor of /3, as claimed. ■ 

Proof of Corollary \l.Pi Assume that a is weakly equivalent to fi. Since j3 is strongly ergodic, 
this implies that a is strongly ergodic. Let a' and (3' be the maximal distal factors of a and /3, 
respectively. By applying Corollary 11.21 twice we deduce that a' is a factor of ff and that ff is 
a factor of of . Thus, a' and 15' are weakly isomorphic. The moreover statement of Corollary 11.31 
now follows from Lemma ITTI ■ 

Proof of Corollary \1.5i For simplicity, denote a = a(^a,b) and a' = Assume that a -< a'. 

Denote by A, B and A', B' the matrices constructed from the pairs (a, b) and (o', b'). Since A', B' 
have algebraic entries, a' has spectral gap (see [BdS14[ Theorem 1.2]). Corollary 11.31 gives that 
cr is a factor of a'. Let 9 : K ^ K he a measurable map such that 9{a'{'y)x) = a{'y)9{x), for all 
7 G F and almost every x G AT. If t G iL, then K 3 x ^ 9{x)~^9[xt) G AT is a (T'(r)-invariant 
map. Thus, there is d{t) G K such that 9{x)~^9{xt) = 6{t), for almost every x G A'. It follows 
that (5 : A' —AT is a continuous homomorphism and that there is A; G AT such that 9{x) = k5{x), 
for almost every x G A'. From this we deduce that 6{a'{'y)) = k~^aX)^i all 7 G F. 

Since AT is a simple group and 6 is non-trivial, 5 must be one-to-one. Since K is not isomorphic 
to any of its proper closed subgroups, 5 is also onto. Thus, since K has no outer automorphisms, 
we can find g € K such that (5(x) = gxg~^, for all x G LC. Therefore, gcr'{'y)9~^ — k~^aX)k, for 
all 7 G F. In particular, we get that gA'a~^ = k~^Ak. Hence A, A' must have the same trace, 
which implies that f = fr. 

Similarly, if ^ *^” 0 ' b')’ some n ^ 2, it follows that f = fr- This completes the proof. ■ 
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Proof of Corollarv M.fk Assume by contradiction that there exists a p.m.p. action T nP {Y,v) 
such that a < a and cj(r)(y) C l3{A){y), for almost every y gY. Identify a with a left translation 
action F [K/L,mK/L) associated to a dense embedding of F into a compact group K. Let 
d be a compatible metric on X = KjL. By Lemma 12.21 we can find a sequence On ■ Y ^ X of 
measurable maps such that d{9n{'yy),j0n{y)) —>■ 0, for all 7 € F and almost every y GY. Denote 
by TZa and TZ/^ the equivalence relations associated to a and j3, so that TZ^ C TZp. 

Since a is essentially free and a < a, a \s essentially free. Since F is non-amenable, the restriction 
of TZfj to any non-negligible set Fq C X is not hyperfinite. By |CI08l Theorem 1] we deduce the 
existence of a cr(F)-invariant non-negligible measurable set Xi C X such that the restriction ui of 
a to Xi is strongly ergodic. By applying Lemma [23] to the restrictions of On to Xi we conclude 
that a is a factor of ai. Let 0 : Xi —>■ X be a measurable, measure preserving map such that 
Oiny) = l0{y), for every 7 G F and almost every y G Xi. 

We will reach a contradiction by applying [CPSlll Theorem 6.2]. To this end, we denote by 
0 : L°°{X) xIq, F —L°°(Xi) Xo-i F the *-homomorphism given by 0(/) = f oO and &(uj) = u-y, 
for all / G L°°{X) and 7 € F. We view N := L°°{Y) Xo- F as a subalgebra of M := L°°{Y) A. 
Let p = Iyi G N, P = 0(L°°(X)) C pMp and G = {au-yp\a G U{L°°{Y)),'y G F}. Then ^ is a 
group of unitaries in pMp which normalize P and satisfies Q" = Np. 

Next, denote by M = L{'LlX) the von Neumann algebra of the wreath product group Z;A. Recall 
that {Y,i/) = {Z,p)^ and consider a fixed embedding of L°°{Z) into L(Z). From this we get a 
A-equivariant embedding of L°°{Y) = L°°{Z)^ into L{(Bx^a'Z) = L(Z)^, and thus an embedding 
M C M. It is easy to that {L°°{Y)p)' CipMp = L{G)\£a'^)p- 

Thus, if we denote Q = G' GipMp, then Q C L(©AeA^)p- Since Q commutes with Np and N has 
no amenable direct summand, [CIOSl Theorem 2] implies that Q is completely atomic. 

Let q G Q he a non-zero projection such that Qq = Cq. Then {Gq)' FI qMq = Cq. Morever, since 
a is a compact action, the conjugation action fy rv- P is compact. Hence, the conjugation action 
Gq Pq is compact and thus weakly compact (see [CPSlll Definition 6.1]). By applying [CPSlll 
Theorem 6 . 2 ] we get that either (Gq)" = Nq has an amenable direct summand or P L{A) 
(see [CPSlll Definition 2.1]). Since N has no amenable direct summand and P C L(©AgA^)) 
neither of these conditions hold true, which gives the desired contradiction. ■ 
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